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INTRODUCTION TO CHAQOS

1. Introduction:
The name of the new science and origin of ‘chaos’. Is chaos a generic or pathological
phenomenon?

2. Phenomenology of chaos:
three physical examples (and many others) demonstrating chaotic motions, bifurcations,
‘strange attractors’, fractals, metaphor of ‘butterfly effect’, universality of chaos.

DYNAMICAL SYSTEMS AND ANALYSIS

3. Dynamical systems and state-space dynamics: (in which chaos is dwelt)
Topics include linear and nonlinear stabilities, bifurcations, phase portraits, qualitative
theories of dynamical systems.

GENESIS OF CHAOS

4. Routes to chaos: (via which chaotic motions emerge)
Topics include period-doubling bifurcation, quasi-periodicity bifurcation, intermittency;,
crises, chaotic transient (homoclinic bifurcation).

QUANTITATIVE STUDY OF CHAQOS

5. Measures of chaos: (identifying and quantifying chaos)
Fourier spectrum, correlation function, Lyapunov exponent, Poincare section, return-map
method.

6. Iterated maps and their complicated dynamics: (a simple yet generic way to generate
chaotic motions)
quadratic map, renormalization theory, tent map, Baker’s map, circle map, Henon map,
Smale horseshoe map, mathematical definition of ‘strong chaos’, concept of ‘topological
equivalency’, hyperbolic intersections and applications of symbolic dynamics, statistical
description of chaotic trajectories.

FRACTALS AND APPLICATIONS

7. Fractals: (the most generic way the nature manifests its patterns)
examples of mathematical fractals and physical fractals, self-similarity, fractal
dimensions, correlation dimension, generalized dimension of fractal, mono- and
multi-fractal, fractal basin boundaries, fractal attractors, Cantor set, Mandelbrot set, Julia
set, fractals on everything at everywhere.

8. Advanced topics:
embedding theory, state-space reconstruction technique, nonlinear time-series analysis,
synchronization of chaotic motions, chaos control, etc.
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##% : (1) ‘Chaos and Nonlinear Dynamics’, 2nd ed., R. C. Hilborn, Oxford Univ. Press
2000.

(2) ‘Nonlinear Dynamics and Chaos’, S. H. Strogatz, Westview Press 2000.
%+ % : List of references will be distributed in class.
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e Introduction —
What is chaos? Definition of the ‘deterministic chaos’,
chaos and nonlinear dynamical system, brief history of
chaos

Ref. [AbSh1992]
Ref. [Guli1992]

e Phenomenology of chaos —
three examples of chaotic systems, period doubling
phenomenon, bifurcation diagram, universal features of
chaos

(Hilborn)

Ch.1,

Ch.2

Ref. [TuUAR1992]

e Phenomenology of chaos —
other chaotic examples, summary of analytic tools
e State-space dynamics of dynamical systems —
state space, standard form of dynamical system, autonomous
and non-autonomous systems, no-intersection rule, attractor
e 1-D state-space dynamics —
fixed point and stability, linear stability analysis of fixed
point, structural stability, dissipative system

(Hilborn)
Sec.3.1~3.5,
Sec.3.6~3.9

e 2-D state-space dynamics —
linear stability analysis of fixed point, eigenvalues &
eigenvectors of the Jacobian matrix, dynamics of fixed
point, limit cycle, stability of limit cycle, Poincare map,
Floquet multiplier, Lyapunov exponent, dissipative system
in 2-D state space, implication of Poincare-Bendixson
theorem

(Hilborn)
Sec.3.10~3.16

e Trajectories in 2-D state space —
phase plane methods, phase portraits, conservative system,
index theorem, gradient system, Poincare-Bendixson
theorem, trapping of limit cycle, applications in Biology

e Bifurcation —
normal form of bifurcation in 1-D & 2-D systems,
saddle-node bifurcation, transcritical bifurcation, pitch-fork
bifurcation

(Hilborn)
Sec.3.17~3.18
(Strogatz)
Ch.5,

Ch.6,

Ch.7
(Strogatz)
Ch.3,

e Bifurcation —
Hopf bifurcation, bifurcation in maps

e 3-D state-space dynamics —
linear stability analysis of fixed point, Poincare plane,
stability of limit cycle, quasi-periodic motion, torus

(Strogatz)
Ch.3,
Sec.8.0~8.2
(Hilborn)
Sec.4.4~4.7,
Sec.6.1~6.2

¢ Nonlinear stability —
hyperbolic fixed point, persistence of hyperbolicity,
Hartman & Grobman theorem, Lyapunov function,
Lyapunov stability theorem

¢ Routes to chaos (through bifurcation) —
via period-doubling, via quasi-periodicity, via intermittency,
via Crises,

Ref. [Glen1994]
(Hilborn)
Sec.4.8~4.10




¢ Routes to chaos (through bifurcation) —
via chaotic transient (homoclinic bifurcation), homoclinic
intersection, tangles and horseshoe map

e Diagnostic tools for chaos —
Fourier spectrum, auto-correlation function

(Hilborn)
Sec.4.10~4.12
Ref. [BePV1984]

e Diagnostic tools for chaos —
Lyapunov exponent for trajectories, return map

Ref. [AISY1997]
(Hilborn)
Sec.4.13,
Sec.9.1~9.3

e 1-D iterated maps —
Quadratic map, Feigenbaum constant, Li-Yorke theorem,
Sarkovskii theorem, critical point and supercycle,
boundaries of attracting regions in bifurcation diagram

e 1-D iterated maps —
size-scaling law, renormalization group theory, derivations
of Feigenbaum’s universal constants, composition law

(Hilborn)
Sec.5.1~5.6,
Appendix F
(Strogatz)
Sec.10.2~10.7

e 1-D iterated maps —
intermittency and crises revisited

e 1-D iterated maps —
Tent map, symbolic dynamics, Baker’s map and Bernoulli
shift, concept of topological equivalency, Bernoulli shift and
chaotic trajectory, definition of ‘chaos’, statistical
description of deterministic chaos

(Hilborn)
Sec.7.1~7.3,
Sec.7.6,
Sec.5.7~5.8
(Hilborn)
Sec.9.5

Ref. [Deval992]

e 2-D iterated maps —
Henon map, fractal attractor, Smale’s Horseshoe map,
symbolic dynamics, topological equivalency between
Horseshoe map and Bernoulli shift operation, Horseshoe
map and homoclinic intersection

(Hilborn)
Sec.5.10~5.11
Ref. [Deval992]

e quiz (% %) 5/18 (& # = ) in class

e Fractals —
fractals in Nature, self-similarity, fractal dimension, capacity
dimension, Cantor set, mathematical fractal sets, Hausdorff
dimension, correlation dimension, Lyapunov dimension,
multifractals, generalized dimension for multifractal

e Fractal basin boundaries —
fractal basin boundaries for pendulum system, fractal basin
boundaries for Henon map, Mandelbrot set, Julia set

Ref. [PoOGR1990]
Ref. [Mand1983]
Ref. [Crow1995]
(Hilborn)
Sec.9.7~9.8,
Sec.10.4~10.5

¢ Nonlinear time series analysis —
embedding theorem, state-space reconstruction technique,
implementation and applications

(Hilborn)
Sec.10.1~10.3
Ref. [Abar1996]
Ref. [Spro2003]

e Final term-project report (3F 2 ¥ 2 PFRF & 2 )
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